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The paper stwdies two standard properties of rules for apgreearing individual into social
preferences: non-dictatorship and the Pareto condition. Together with the condition of inde-
pendence of irrelevant alternatives, these are the three basic axioms of Armow’s social choice
paradox.

We prove the topolosical equivalence between the Pareto condition and the existence of a
dictaror for continuous mules. The axiom of independence of irrelevant alternatives is not
required.

The results wse a topological framework for aggrepation introdeced in Chichilnisky (1980},
but weeder different conditions. ln Chichilnisky (1980 mles are anonymows and respect
unanimity. Since anonymiry s strictly stronger than the condition of non-dictatorship, while
respect of unanimily is strictly weaker than the Pareto condition, the two sets of conditions are
not comparable,

1. Introduction

Arrow’s social choice paradox exhibits a contradiction between three
conditions on the apprepation of individual preferences: non-dictatorship,
the Pareto condition, and that of independence of irrelevant alternatives.

Recent work has proven the existence of social choice paradoxes for
continuous aggregation rules without requiring independence of trrelevant
alternatives, In Chichilnisky {1980) the rules are required to be anonymous
and respect unanimity, whereas in Chichilnisky {1981} decisive majority
conditions are required. While these results exhibit the topological nature of
social choice paradoxes, they are proven under rather different assumptions
from Arrow’s. For instance, the condition of respect of unanimiry is strictly
weaker than the Pareto condition, while that of anonymity is stronger than
non-dictatorship, so that the resulis obtained under one set of conditions are

not comparable to those obtained under the other. In addition, although the
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independence axiom is not assumed in this recent work, the aggrepation
rules are required o be continuous.

The purpose of this paper is to show that two of Arrow’s conditions,
Pareto and non-dictatorship, are topologically inconsistent with each other,
in the sense that any continuouws social choice rule that satisfies the Pareto
condition can be continuously deformed into a dictatorial rule. The indepen-
dence axiom is not needed to prove this result. With more than two voters a
weak form of positive association is required on the rule.

The paper is organised as follows: Section 2 contains notations and
definitions. Section 3 proves the result for a special case which admits a
simple geometrical proof: when there are two voters and their preferences
are lincar. Scction 4 proves the topological equivalence between the Pareto
condition and the existence of a dictator, with any number of voters and
unrestricted domains of preferences, when the rule satisfies a weak form of
positive assoclation,

2. Notation and definitions

let X denote the choice space. X will be assumed to be C* diffeomorphic’
o the closed unit ball B" in R".

A preference p is a C' vector field® on X, p: X — R", which is locally the
gradient field of a utility function u on X. The vectar p(x) at the choice x in
X iy therefore the normal to the tangent space of the indifference surface of
w at x; see fig. 1. Following a standard convention in social choice theory.,
preferences are ordinal, so that the vector field p(x) is normalized? o be of
unit length, ie., ||p(x)|| =1 for all x in X_

The spuce of preferences on X denoted P is a subset of the Banach space
of all C' vector fields on X, VI(X), and is characterized within V(X hy the
normalization and the Frobenius integrability conditions: see e.g. Debreu
{1972}, V(X)) is a Banach space when endowed with the C! sup norm.

Since both Frobenius conditions and the normalisation are closed condi-
tions in the ' sup norm, the space P endowed with the topology inherited
from ViX) is a complete space. The space V(X)) is infinite dimensional, and
P contains infinite dimensional manifolds; see Chichilnisky {1976).

We assume there are k agents (k=21 A profile pr, ..., 0 is an ordered
k-tuple of preferences of the voters, so that the space of profiles is P

TLet X=R™ Y= R™ be smooth manilolds with boundary, 7: X — Y is C7 if it admits an
extension o a twice continuously differentiable map defined on a neighbourhood of X X s OF
diffevmorphic 1o Y when there exists a O one-to-one and onto map X — ¥ whose inverse is
alsa 7,

A vector field oix) on X s CV il il admils an extension to a O vector fHield defined on a

neighbourhood of X
* This implies that ¢ is not satiated in the interior of X, X* Related resulis can be obtained

when preferences admit satiation in X™; see Chichilnisky (19797
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Fig. L. pixiis the pormalized gradient of the preference poar the chaice x

A social aggregation rule is a map that assigns to each profile in P* a
social preference in P. ¢ P* — P.

A rule & is said to satisfy a Pareto condition, or 1o be Pareto, when the
following is always true: if for all voters 1, ..., k. a choice x is preferred to
another v (for instance if the utility functions that represent py, ..., p,. pive
a higher value to x than w y) then the social preference &{p,,....p)
prefers x to v

A rule o satisfies  the weak positive  associarion  condition if
PP p)=—p, for some i=1,....k and some (p,.....pJeP"
implies

BPir e =P P —Pis -+ s ) F P

A Pareto rule satisfying the weak positive association condition is denoted
a W-Pareto rule,

A rule $ respects unanimity when the restriction of the map ¢ on the sei
D={p.....po1:p=p. ¥i, j=1....,k}, is the identity map on D\ ie.,
' I3 = idp,. Note that the Pareto condition implies respect of unanimity. A
preference is called linear when it is induced by a linear utility function on
X,

An aggregation rule o, is dictatorial (with dictator d) if ¢, is the
projection onto the dth coordinate, dy(p,....¢00 =ps ¥ipe. ... pe PR

Let f and g be two continuous functions between two topological spaces
Y and Z f is said 1o be homuotopic o g, or a continuous deformaiion of g,
when there exists a continuous map

M:y=[0,1]— 7,
satistving Iy, 01=F(v) and Miv. 1)=glv), for all y in Y.

3. An example with two voters and linear preferences

We now study a particular case, where there are two voters and their
preferences are linear. This case admits a simpler eeometrical proof that the
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Fig. 2. The Pareto property for two voters and a two-dimensional choice space, The arca
shaded with circular lines is the dual cone of p, and ps. the sres doubly shaded @ the cone
determined by p, and p..

Pareto condition is topologically equivalent to the existence of a dictator,
Let P denote the space of linear preferences on the choice space X =
R"', n=1. Each p= P can be identified by one vector, the gradient of the
linear utility function corresponding to p.'Since gradients are normalised o
be of unit length, the space of all linear preferences on X can therefore be
identified with the space of their gradients, so that P is the nth sphere in

R"' e,
P=§"={verR""":|uv|=1L

Therefore with 2 voters the space of profiles P7 is here (87", When n=1,
P?=8'x8§'=T% the two-dimensional torus. For any nz 1, a social choice
rule is here a map @ (577 =8

Giiven two preferences pp, p. in 8", the Pareto property implies that the
function ¢ maps the profile {p,, p;) into a preference p = $ip,, p2) which is
contained in the cone determined by p, and p, in §°, as illustrated in fig. 2.
This is because the Pareto condition implies that p must have a positive
inner product with all vectors of the ‘dual cone’ of (py, p2), ie., with all
vectors in the set

{ge8":g-py=0 and g-p,=0L

Thus, if ¢ is Pareto, ¢ (p,. p2} must belong to the dual of this dual cone, ie.
p must belong to the cone determined by p; and p;. This property is of
course trivially satisfied by any g £ 5" when p, and p. are exactly opposed to
cach other, ie., when p, =—p, in 8"

Fig. 3 shows an example of a Pareto rule for two voters, and a-two-
dimensional choice space. The Pareto property implies respect of unanimity,
ie., ¢(p.p)=p for all peS'. In particular, if a rule ¢ is Pareto, for each
pe S', the inverse image of p under &, ¢ 'i{p)= §'= S' intersects the set

D={{p,, p) (8" 1 p,=pa}.

exactly at one point, ¢ Yp)N D ={p. pl. ¥pe S _
Fig. 4 represents a dictatorial rule: clearly, for each pe 8", ¢ Y pin D=
{p.p} in this case as well. Note that the surfaces ¢ '(p)(¥peS') of the
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Fig. 3. The space of profiles of two voters' preferences for two-dimensional cheices and linear

preferences s lhe torus TP =i8'F. The curved lines indicate the surfaces o 'pl corres-

ponding e a fixed value pe P of the map &: P — P. The map « is Parewo; therefore its
indifference surfaces intersect 13 exactly once,

Pareto rule in fig. 3, can be continuously deformed into those-of the
dictatorial rule in fig. 4. This is an llustration of the following result,

Fig. 5 shows an example of a rule that is clearly nor Pareto, since each
¢~ '(p) intersects ) twice: the following theorem will prove that this rule is
not topologically equivalent 1o a dictatorial rule either,

Iipa,pﬂ, l:::-,pU]

Fig. 4, A dictarorial rule with meao agents and two commodities,

Thearem |.  Let ¢ : P* — P be a continuous Pareto rule. Then ¢ is homotopic
1o a dictatorial rule.

Proof.  Let p, be an arbitrary preference in P, and let p,= py. p2= —pu-
Continuity and the Pareto property imply that either

d(py, pa) = po. Or else  dipy, p2) = —pa.

Fig. 5. Each surface ¢ p} intersects the diagonal D exactly twa Lim_m': the map ¢ is nat
Parets. Therefore it is not topologically equivalent to & dictatorial role either.
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Assume, without loss of generality, that

dlp, pad = o

Continuity then implies that for all other p in 87, ¢(p,—pl=p
whenever agent one has a preference opposed to that of apent two, then
agent one is 4 dictator, Therefore for any other pair of preferences g, and
gz @Gy, q:)4 —gy, because by the Parcto condition, either g, # —g, and
gy, qz) is in the cone generated by ¢, and g, (and —q, does not satisfy
this), or else g, = —g. in which case $iy,. g2)=q, a5 shown above.

Define now the map

H:(5"V =0, 1]— 5",
by
tp H 1 Ddip, pal
ltpy + (1= 00plpy, palll”
This mup s always well defined because @fp,pa)# —py so that the
denominator is never zero. Since for all {p,, p,) (5",
Hipy, p2, 0)=dip, pa) and Hipy. ps 1i=py,

H is the desired homotopy between the rule & and a dictatorial rule on
{Snjl

Hip,, ps. =

4. The topological equivalence of the Pareto condition and the existence of
a dictator

We now study the case of an unrestricted domain of smooth preferences P
as defined on section 2, defined on an {(n <+ 1)-dimensional choice space,
n =2, and with k voters, k =2, For further references on algebraic topology,
see e.p. Spanier (1963).

Theorem 2. Let ¢ P* — P be a continuows W-Pareto aggregation rule. Then
b is homotopic to a dictatorial rule,

Proof. Let x be a choice in X, and let 5" be the unit sphere in R™ 'Y, Given
a chart for X at x, each preference p in P determines uniquely a point z in
5", the unit vector normal to the indifference surface of p at x in the
orienting direction pi(x). This determines a map I' from the space of
preferences P into 8", which is continuous by the choice of topology in P.
The map I can be chosen o be continuous and onio 8", 1.c., for all z in 8"
there exists some preference p on X that has z as a normal vector at x, i.e.
I'ip)= z. We can also define a continuous map A : 8" — P assigning for each
z in 8" a preference on X with preferred direction equal to z at the choice
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x Alz) can be chosen as a lincar preference with indifference surfaces
orthogonal to the voctor z

‘J
YN

5‘”_‘ SH

The map I defined by making the above diagram commutative, ie., I=
IM= 4, is the identity map on 8™

Lat & : P* — P be a continuous rule satisfying the Pareto condition. Then,
for cach x in X we can define the map i by the diagram

N

1.

(Sn‘:lk L sn

ie,  wizy.zd=d(dlaz)), L Az foroall (zn.Lz)e(SME W s
continuous, being the composition of continuous maps,
For a given z,= 8", define

G, =4z, ..., z)e(8")* such that z; = z,, ¥j# i}

Let iz, z») denote a shortest circular segment of a great circle on 8"
containing both z, and z,, which is uniquely defined when z, # z,. Since the
rule ¢ satisfies the Pareto condition, for any £ = 1, ..., k, the restriction map
i €5, must satisfy

WGz z)eClz,zy) when  z+ 2

because Y Gy(z,y. . . ., z; ) must have positive inner product with all vectors in
5" which have positive inner product with both z, and z,. Since each G, is
homeomorphic to a sphere 8% we can define the degree of the map

GGy — 8,
and by the Pareto condition,
deg(ify G, ) is either Dor 1 foralli=1,..., &k (1)
Now, since ¢ is Pareto, o satisfies the respect of unanimity condition, ie.,
i I = idp,. (2)

Since D is homeomorphic 10 8", we can define the degree of the restriction
map o 121> — 5" and (2) implies

deg(fy D)= 1. (3
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MNow, let TT ({5"1*) be the nth homotopy group of ($7)*. Then
k
L ({S™ %)= B IT,(8"); (4}
=1

see e.p. Spanier (1963, p. 419, B.5).*
Consider now the inclusion map

inp 1 8" — ((§™)%),
defined by

inp(zh=(z....,z)e D=(8"Y for any ze§"
Similarly for all i=1,..., k define

ing : 5" —(§")"
by

th mlace

ing (z)=(zy, ... Lz, Zde G (8™ forany ze S

Let P :(5"¥* — 5" be the projection map onto the ith coordinate. Then for
each i, the two composition maps:

Pooing:8"—=58" and P =ing:5" — 58"
are both the identity map on 8", In particular the homotopy classes of both
these maps are that of id ;5" — 5", i.e.,

[P, o in, | =[F, = ing ]=[id]. (3]
Let [ing; ]| denote the homotopy class of ing : 8" — (§™)* in TL((§")*), and
let the map T:8"—(5"" be such that

[T]=

L

[ing 1= M1, ((S™)%). (&)

1

N el

We can take T to satisly

T(8" = I G =(8"),
=1

and
[P;=T1=[P, ¢ ing | II,(8"), (7

foreachi=1,...,k
Therefore by (3) and (7) for each i=1,..., k

[Pi=T]=[P; =inp]=id], (8)

L A(E™I*) is written as @F, IT(8™) instead of as »F_ IT 5" to indicate that it is an
abelian group, sinee n =2,
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ie, P*T|=P*[iny]. where P* is the map induced by P, at the homotopy
level, PE.IT ((§")%)— I1,(8"). Since (8) is true for all i=1,... .k (4]
implies

LT]="[inp]. &)
[see also Chichilmisky (1981, lemma 1]]. Therefore
[ o T]=[y = in), (10)

and by {6) this implies

oT1=[ 5 weing | <o ciny], (1)

i=1
s that

k
deg(ty=T)= ¥ deglifr = ing | = degld = ing ).
i=1

Since degid = ing ) = degly D), and by (3) deg(iff D1 =1, it follows that

k
Y degldroing)=1. (12)
i=1
Since deg(ds = ing ) =degiy/ G,), from (1) and (12) we obtain
deglwf G, =1 forsome de{l,....k}L {13}
and
deglf Gy =0 forall i#d (14

Now, the Parcto property and the continuity of o imply that for all
i=1,....k

ith place

oing(—zd=wlzy ... —Zas ..o, Zo)EdZo —20h (15)

This is because the Pareto condition implies

yeing (z)e Clzg,2) for any zeS" (16)

It follows also from (16) that if s = ing (—zy) = z,, then the value —z, is
never assumed by the map o/ G, Therefore for any i=1,..., k.

e ing (—zp)=2zq implies  degld/G)=0. (17)

By (12), therefore, i = ing (—zp) = —z, for some j=1,..., k. Mow by (16) if

g = ing (—zg) = — 2o,
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then
degli = ing ) =0, (18}
so that degly=in; 1=1 by (1)
It follows from (13) and (14) that for some d=1,.._ k,

e ing (—2p) = —z, {19)
and

redig (—zgl=2z, forall i#d (20
In particular, driz,,...,z. 0¥ -2, for all profile (z,....,z.) in 5, all
i=1,...,k

Note that in the argument given above the vector z, is arbitrary chosen.
Therefore, by continuity of o, for any z5c 5",

(Zas o on 2) F—24 (21)
whenever (2, ..., 20 is In |, G.izh), where
Gzl =4z, ..., 508"z, =z, Vit d).

Without loss of generality, assume d = 1. Then (21) implies, in particular,
that for any z, = 8",

Ylzy, —29, 00, —5) =2, (22)

Consider now any profile (z,,....z2,)=(8")" Since ¢ satisfies the weak
positive association condition, if

Wiz, ...,z 0= —z,,

it would follow that
W2y —Zg s =2 F 20,

contradicting (22). Therefore, we have proven in particular that
gz, .o ) F 2y,

for all (z,.....z,)0e(8")F

We now return to the map ¢ :P* — P. Since ¢ satisfies both the Pareto
and weak positive association conditions, then for each choice x £ X, there
exists one d=1,..., k with &i{p,, .. .. p)(x)# —p,(x). This is because both
the Parcto and the weak positive association condition hold locally, for any x
in X; i.e., if y is preferred to x by py, ..., b, and v is sufficiently close to x,
then it follows that

pixiy—x)=0- - p(x)y—x)=0 implies p(x}y—x)=0,

which is the Pareto condition for vectors at the sphere 8" centred at x
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The first part of the proof implies therefore that for any x in X there
exists some d = dix) such that

dih place
Gi—Pa . Pas P Pas - - - TP NXD= palx) (23)

By continuity of &, d{x) must be the same for all x in X
In view of the Parcto and the weak positive association conditions, it
follows as proven above that for any p,, ..., p € P,

(Prs oo o B NXDE —pylx). (24)
Therefore, for any xe X, te[0,1] and (p,,...,p)e P,
pa(x) +(1 = OPipy, ... p )7 .
We can then define the map H on P* [0, 1] by
_ ) H( = 0dipy, - - -, pi)ix)
llipatx)+ (1 - tibipy, . ... p x|

Since pyix) is the gradient of the map p,ix)- x it follows that for each
Pe....;. eP*<[0, 1], Hip,,...,.p 1) is in P, being at each xeX a
scalar multiple of a €' gradient field on X

Since for all x= X,

Hipi, ..o 00x)=dlpr - -, pyx),

Hip, ... tix)

and
Hipy. . ... e Dix) = palx).

H is the desired homotopy between & and a dictatorial rule. This completes
the proof.
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